Why does spontaneous symmetry breaking occur? Why is a state breaking symmetry realized? We explore an idea that measurement selects such a state even if a system is given in a state respecting the symmetry of the system. We point out that the spectrum of the relevant observable is important, and simply apply the projection postulate for quantum measurement. We first show that this approach correctly describes the well-known interference of Bose-Einstein condensates. We then examine a fermionic system and prove that superconducting states with a definite relative phase are selected by the measurement of the current flowing between two superconductors, eliminating the need to assume the presence of an a priori phase to explain the Josephson effect.
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PACS numbers: 03.75. Dg, 03.75.Hh, 74.50.+r, Spontaneous symmetry breaking plays important roles in various areas in physics, from condensed-matter physics to elementary-particle physics. It is the symmetry breaking that makes possible a variety of rich and intriguing phenomena in nature out of such simple and elegant fundamental laws built on the principles of symmetry [1] . Why, however, do macroscopic systems tend to break symmetry? Why are the states with broken symmetry favored and realized? The importance of the cluster property is stressed and its relevance to the stability of quantum states is discussed [2, 3] . In this Letter, we explore an idea that measurement selects such a state. We show that a state breaking symmetry is realized as an eigenstate of a relevant observable, to which the system is projected by the measurement of the observable.
A typical system exhibiting spontaneous symmetry breaking is Bose-Einstein condensate (BEC) [4] . When two independently prepared BECs overlap, an interference pattern is observed [5] . This is possible since the U(1) symmetry of the system is broken so that the relative phase between the condensates is well defined. On the other hand, the following question is asked: what if each condensate consists of exactly N atoms? Since the number is fixed, the phase is uncertain, due to the phasenumber uncertainty relation. The condensates therefore would not interfere with each other. This dilemma can be resolved by the idea of "measurement-induced interference" [6] [7] [8] [9] [10] : even if the phases of the condensates are uncertain, detecting the atoms in the overlapping condensates gradually builds up a relative phase, and an interference pattern is observed in each single experiment. This idea triggered intensive studies on the (related) subjects, both theoretical [11, 12] and experimental [13, 14] .
In this Letter, we show that the measurement-induced interference can be explained simply by the projection postulate in quantum mechanics [9, 15] . It is important to identify the observable to be measured and its spectrum. For the interference of BECs, the relevant observable is the operator representing the density distribution of the atoms. We prove that the states with definite relative phases are (approximately) the eigenstates of this operator belonging to the eigenvalues (density profiles) exhibiting interference. According to the projection postulate, the system is projected into one of the eigenstates once the density distribution is measured, resulting in a state with broken symmetry. Moreover, this simple approach enables us to prove, for the first time to the best of our knowledge, the measurement-induced symmetry breaking for a fermionic system: even if the phases of two superconductors are a priori uncertain, the measurement of the current projects the system into a state with a definite relative phase, and a Josephson current flows.
Let us start with the interference of BECs. We prepare two ideal BECs independently in two separate traps A and B in D-dimensional space at zero temperature, each containing exactly N noninteracting atoms. All the atoms in each trap is condensed in the ground state (n = 0) of the trap, and the state of the couple of BECs is described by the product of the number states
whereâ n andb n are the bosonic annihilation operators for the nth levels of traps A and B, respectively, satisfying the canonical commutation relations [â n ,â †
, and |0 is the vacuum state. At time t = 0, we release the gases from the traps by switching off the trapping potentials, and let them expand in space with no collisions among the atoms. We then take a photo of the overlapping gases after a time of flight t. The field operator of the bosonic atoms is expanded aŝ
where ϕ n (r) of the nth level of trap s (= A, B), and is a member of a complete set of orthonormal bases,
. In the double number state |N, N , the expectation value of the atomic density distribution
does not exhibit interference,
This is the independence of the two BECs, represented by the product state |N, N . The interference however is actually observed in experiments [5, 13, 14] . Notice that (4) is just the expectation value: it predicts the average of all the density profiles observed by many independent and identical experiments. Although no interference is expected in the average distribution, each single-shot photo exhibits interference [6] [7] [8] [9] [10] [11] [12] . We need to discuss individual single experiments, in spite of the probabilistic nature of quantum mechanics.
Recall here that |N, N can be expressed as
i.e., as a superposition of phase states [7, 9, 15] 
In each phase state |θ , all the 2N atoms are in coherent superposition of being in the 0th state of A and being in the 0th state of B, with a relative phase θ. In such a state |θ , the expectation value ofρ(r, t) exhibits interference
Equation (5) represents the phase-number uncertainty relation. We are going to argue that, even if the BECs are prepared in |N, N , a phase state |θ is selected from the superposition (5) by measurement, i.e., by taking a photo of the overlapping atomic clouds. Note that for large N the phase states with different relative phases are approximately orthogonal to each other,
The idea is simply to apply the projection postulate in quantum mechanics: the state of a quantum system collapses to the eigenstate of an observable belonging to the measured eigenvalue. In the present context, the observable is the atomic density distribution operatorρ(r, t) in (3), and its eigenvalues represent possible density profiles. We are going to show that the phase states |θ are (approximately) the eigenstates of the observableρ(r, t).
Notice however thatρ(r, t) does not admit a normalizable eigenstate. Indeed, when the number of particles in the system is fixed, in the present case 2N , the operator ρ(r, t) in (3) in field theory is equivalent tô
in quantum mechanics of 2N particles [17] . There is no normalizable eigenstate of the position operatorr i (t). Nonetheless, we will see that the phase states |θ are approximately the eigenstates ofρ(r, t), when the number of atoms 2N is large. Let us explicitly see the action ofρ(r, t) on |θ ,
The contribution |δ , which is orthogonal to |θ , is negligibly small. Indeed, its norm is estimated to be
where [∆ρ(r, t)] 2 θ is the variance ofρ(r, t) in |θ , and we have smearedρ(r, t) over a small volume ∆V around each point r [18] . Equation (11) clarifies that |δ is O( √ N ) and is negligible compared with the main contribution of O(N ) in (10) , when N is large [19] . Therefore, (10) shows that each phase state |θ is approximately an eigenstate ofρ(r, t) belonging to an eigenvalue 2N |Ψ θ (r, t)| 2 . If we think of a superposition of the phase states |θ ,
the variance ofρ(r, t) is evaluated to be
where χ(r, t) = ϕ
• , and we have used the orthogonality (8) . It is O(N 2 ) and is not negligibly small, in contrast to (11) . Therefore, superpositions (12) cannot be (approximate) eigenstates ofρ(r, t), and are not observed in experiments.
In summary, even if the gases are in superposition (5), an interference pattern 2N |Ψ θ (r, t)| 2 is observed on a single-shot photo as an eigenvalue ofρ(r, t), and the system collapses to the corresponding eigenstate |θ . The state breaking the U(1) symmetry is realized by the measurement. One does not know which phase θ is selected until the density profileρ(r, t) is observed. All the phases are equally probable, and the interference pattern shifts from run to run. If all the observed patterns are superimposed, we end up with the average profile (4) with no fringes, respecting the U(1) symmetry of the system.
It is worth pointing out that the negligibly small fluctuation (11) stems from the particular structures of the observable and of the state. Let us consider a generic system with N modes in a product state
where the mode state |ψ i (i = 1, . . . , N ) may differ mode by mode in general, and take an observable of the form
withÔ i acting only on the ith mode. The expectation value and the variance ofÔ in the product state (14) are estimated to be Ô =
, respectively. Therefore, for large N , the fluctuation ofÔ in the product state (14) is negligibly small,
The same scaling is obtained for the observables consisting of operators which act on multiple but a limited number of modes. The above analysis on the interference of BECs fits in this framework: the relevant operator, the atomic distribution operatorρ(r, t)∆V in (9) smeared over ∆V , is actually the sum of the one-body operators, and the phase state |θ in (6) is a product state of the type (14) . That is why the variance scales as in (11), and the phase state |θ is concluded to be an approximate eigenstate of ρ(r, t). The superposition of the phase states in (12) on the other hand loses the product structure (14) , and the variance is not negligibly small anymore.
This observation enables us to go beyond the bosonic systems: the idea of symmetry breaking induced by measurement works also for fermionic systems. As an example, let us discuss the Josephson effect [9, 20, 21] . When two superconductors are connected by a weak link with a thin insulating barrier (Josephson junction), current flows from one superconductor to the other, even in the absence of the biases in the chemical potential and in the temperature between the two superconductors. The current J θ depends on the phase difference θ = θ A − θ B between the two superconductors A and B,
For this Josephson current, the phase difference θ should be well defined. We are going to argue that such a state with broken symmetry is realized by measurement even if the system is originally in a superposition state respecting the U(1) symmetry: the current measurement selects a relative phase θ, and the Josephson current J θ flows. For concreteness, let us set up a Hamiltonian [22, 23] 
Here,Ĥ A andĤ B represent the standard many-body Hamiltonians for the two superconductors A and B, respectively, with weak attractive interactions among the electrons giving rise to the superconductivity [17, 21] . No mean-field approximation is applied here, and the U (1) symmetry is retained. The other Hamiltonian
provokes the tunneling of electrons through the junction, withâ kσ andb kσ being the fermionic annihilation operators for the electrons with wave vector k and spin σ (= ↑, ↓) in A and B, respectively, satisfying the canonical anticommutation relations {â kσ ,â †
The matrix elements T kk ′ characterize the tunneling process, which is assumed to be symmetric,
. The current operatorĴ, the relevant operator for the present argument, is then defined bŷ
is the number of electrons in A(B) [22, 23] . Note that N A(B) commutes withĤ A(B) , and the total number of electronsN A +N B is preserved byĤ, thanks to the U(1) symmetry of the Hamiltonians.
Suppose now that the two superconductors are given at zero temperature in a superposition state
e.g., in a state respecting the U(1) symmetry, where
is the product of the standard BCS states [21] . We assume that u k and v k are common for both superconductors. We then let the system evolve by the Hamiltonian, and see the currentĴ in the stationary limit. The stationary state, which is a nonequilibrium steady state (NESS) [24] , in which the current flows steadily, is mathematically generated by the Møller wave operator [25] 
We therefore look at the "scattered" current operator
We are going to show that each double BCS state |Ω θA , Ω θB in the superposition (21) is approximately an eigenstate ofĴ ∞ belonging to the eigenvalue (17) . Notice first that the BCS states with different phases are approximately orthogonal to each other, 
This means thatĴ ∞ is diagonal within the subspace spanned by {|Ω θA , Ω θB }. This however is not enough to conclude that each |Ω θA , Ω θB is an eigenstate ofĴ ∞ , since the action ofĴ ∞ on |Ω θA , Ω θB might give rise to a component |δ perpendicular to this subspace as in (10),
Still, |δ turns out to be negligibly small, by estimating δ|δ , i.e., the variance ofĴ ∞ in the state |Ω θA , Ω θB , as we did in (11) for the bosonic case. To this end, it suffices to check the structures of the current operator J ∞ and of the state |Ω θA , Ω θB . The former is shown, in the standard mean-field approximation within each single sector |Ω θA , Ω θB [17, 21] , to be composed of two-mode operatorsĴ kk ′ acting on modes k and k ′ [26] ,
while the latter, defined in (22) , is a product state of different modes of the type (14) . Therefore, by the theorem presented around (14)- (16), the fluctuation ofĴ ∞ in each |Ω θA , Ω θB is negligibly small in the macroscopic limit, and |δ in (27) is proved to be negligibly small. That is, each double BCS state |Ω θA , Ω θB is approximately an eigenstate ofĴ ∞ . The corresponding eigenvalue is given by J θ = Ω θA , Ω θB |Ĵ ∞ |Ω θA , Ω θB , which in the standard mean-field approximation within the sector |Ω θA , Ω θB reproduces the result by Ambegaokar and Baratoff [22] , yielding the Josephson current (17) . We then have the following scenario. Once the current J ∞ is measured in the NESS, one of its eigenvalues J θ is observed, and the state of the couple of superconductors collapses. Since the eigenstates |Ω θA , Ω θB with a common relative phase θ = θ A − θ B are all degenerated in the same eigenvalue J θ , the system is projected onto the subspace formed by them,
whereθ = (θ A + θ B )/2 remains unfixed, but the relative phase θ is fixed. The state (29) breaking the U(1) symmetry is thus realized by the measurement, and the Josephson current J θ in (17) flows. The above analysis on the BEC interference shows that an interference pattern is certainly observed in each single experiment, regardless of its unpredictable spatial offset, while the density profiles with no interference are rarely found. In this sense, the density profiles exhibiting interference are typical among all possible configurations of the atoms, and so are the corresponding states breaking the U(1) symmetry. We have shown that it is the case also for the BCS states for fermions and proved that the Josephson effect arises when the states with a definite relative phase are selected by a current measurement. Recently, there are intensive attempts to replace the equal a priori probability postulate of statistical mechanics with typicality [27] : a typical pure state randomly sampled from an energy shell in the Hilbert space well represents the microcanonical ensemble. In the presence of condensation, however, such naive sampling from an energy shell does not work, since in that way we might typically pick a superposition of different phases, which is not observed in real experiments. Our results suggest that we need to care what is measured, i.e., the relevant observable and its spectrum, to properly sample a state realized in each single event. This subject deserves detailed study, to generalize the typicality approach to statistical mechanics in the presence of condensation.
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